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Abstract In this paper we propose a new incremental es-
timation of Gaussian mixture models which can be used for
applications of online learning. Our approach allows for
adding new samples incrementally as well as removing parts
of the mixture by the process of unlearning. Low complexity
of the mixtures is maintained through a novel compression
algorithm. In contrast to the existing approaches, our ap-
proach does not require fine-tuning parameters for a specific
application, we do not assume specific forms of the target
distributions and temporal constraints are not assumed on
the observed data. The strength of the proposed approach
is demonstrated with an example of online estimation of a
complex distribution, an example of unlearning, and with
an interactive learning of basic visual concepts.

1 Introduction

The process of learning in computer vision may be viewed
as a task of generating models of visually perceived environ-
ment. Since most of the real-world environments are ever-
changing and all the information cannot be available (nor
processed) at once, the models should be acquired incremen-
tally. Furthermore, models should allow for error-recovery
in cases when erroneus information gets incorporated into
them. The learning process should thus create, extend, up-
date, delete, and modify models of real-world concepts in a
continuous, life-long manner, while still keeping the repre-
sentations of the environment compact and efficient.

Various models and methods for extracting these mod-
els have been proposed in different contexts and tasks. In
this paper we discuss modelling data by probability density
functions (pdf) based on Kernel Density Estimates (KDE).
In particular, we focus on Gaussian mixture models (GMM),
which are know to be a powerful tool in approximating var-
ious distributions which may be far from Gaussian [15].

In our previous work [12] we have proposed a framework
for continuous learning of visual concepts. There, each ba-
sic visual concept, such as color or shape, was associated
with one of the extracted features (e.g., hue value), using the
model which was built from previously observed values of
the same feature. These models were in the form of one-
dimensional GMMs. In this paper we present the methodol-
ogy for incremental building GMMs, that facilitates contin-
uous, efficient and flexible learning as discussed above.

Our contributions are threefold. The first contribution
is a new approach to incremental Gaussian mixture mod-

els which allows online estimation of the probability density
function from the observed samples. The second contribu-
tion is a method that enables unlearning parts of the learned
mixture model, which allows for a more versatile learning.
The third contribution is a method for maintaining a low
complexity of the learned mixture models.

In an incremental setting, where all samples are not ob-
served at once, traditional methods for density estimation
based on Parzen estimators [15, 11, 16], expectation max-
imization (EM) algorithm [8] or variational estimation [9],
to name a few, cannot be used directly. To that end, var-
ious incremental approaches have been proposed. Han et
al. [5] present an incremental approach in which they de-
tect only the modes of the distribution and approximate each
mode by a single Gaussian. This approach fails to perform
in cases when modes are non-Gaussian, e.g., skewed or uni-
form distributions. Recently, an online EM algorithm was
proposed [1, 13], however, it cannot be applied to general
situations, since it assumes a temporal coherence of the in-
coming data [1]. Szewczyk [14] applies a Dirichlet and
Gamma density prior to assign new components to the mix-
ture model in light of the incoming data. A drawback of this
approach, however, is that the parameters of the prior need
to be specified for a given problem.

In contrast to the above approaches, our approach does
not require fine-tuning parameters for specific application,
we do not assume specific forms of the target pdfs, temporal
constraints are not assumed on the observed data and the
proposed models allow for unlearning as well.

The remainder of the paper is structured as follows. In
Section2.1 we present the incremental mixture model, the
method for unlearning is introduced in Section2.2 and the
method for complexity reduction is proposed in Sections2.3
and2.4. In Section3 we present experimental results from
incremental approximation of complex distributions, un-
learning, and apply the proposed methodology to the prob-
lem of learning simple concepts of object visual features.
Conclusions are drawn in Section4.

2 Estimation of Gaussian Mixture models

Throughout this paper we will refer to a class of kernel den-
sity estimates based on Gaussian kernels, which are known
as Gaussian mixture models. Formally, we define a one di-
mensionalM -component Gaussian mixture model as

pmix(x) =
M∑

j=1

wjKhj
(x− xj), (1)
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wherewj is the weight of thej-th component andKσ(x−µ)
is a Gaussian kernel

Kσ(z) = (2πσ2)−
1
2 exp(−1

2
z2/σ2), (2)

centered at meanµ with standard deviationσ; note thatσ is
also known asthe bandwidthof the Gaussian kernel.

2.1 Incremental mixture model

Suppose that we have observed a set ofnt samples
{xi}i=1:nt

up to the current time-stept. The problem of
modelling samples by a probability density function can be
posed as a problem of kernel density estimation [15]. In
particular, if all of the samples are observed at once, then
we seek a kernel density estimate with kernels placed at
locationsxi with equal bandwidthsht

p̂t(x;ht) =
1

nt

nt∑
i=1

Kht
(x− xi), (3)

which is as close as possible to the underlying distribution
that generated the samples. A classical measure used to
define closeness of the estimatorp̂t(x;ht) to the underly-
ing distributionp(x) is themean integrated squared error
(MISE)

MISE = E[p̂t(x;ht)− p(x)]2. (4)

Applying a Taylor expansion, assuming a large sample-set
and noting that the kernels in̂pt(x;ht) are Gaussians ([15],
p.19), we can write theasymptoticMISE (AMISE) between
p̂t(x;ht) andpt(x) as

AMISE =
1

2
√

π
(htnt)

−1 +
1

4
h4

t R(p′′(x)), (5)

where p′′(x) is the second derivative ofp(x) and
R(p′′(x)) =

∫
p′′(x)2dx. Minimizing AMISE w.r.t.

bandwidthht gives AMISE-optimal bandwidth

htAMISE = [
1

2
√

πR(p′′(x))nt
]
1
5 . (6)

Note that (6) cannot be calculated exactly since it depends
on the second derivative ofp(x), andp(x) is exactly the un-
known distribution we are trying to approximate. Several
approaches to approximatingR(p′′(x)) have been proposed
in the literature (see e.g. [15]), however these require access
to all observed samples, which is in contrast to the incre-
mental learning where we wish to discard previous samples
and retain only compact representations of them. Our set-
ting is thus depicted in Figure1: We start from a known pdf
p̂t−1(x) from the previous time-step and in the current time-
step observe a samplext (Figure1a). A Gaussian kernel cor-
responding toxt is calculated and used to updatep̂t−1(x) to
yield a new pdf̂pt(x) (Figure1b). Thus the incremental es-
timation of the mixture model boils down to estimating the
bandwidthof the Gaussian kernel for the currently observed
sample; in the following we propose an iterated plug-in rule
to achieve that.

Let xt be the currently observed sample and letp̂t−1(x)
be an approximation to the underlying distributionp(x)

p̂t−1(x) p̂t(x)

xt

(a) (b)

Figure 1: The left image shows a Gaussian mixture modelp̂t−1(x)
from time-stept − 1 (bold line) and the currently observed sam-
ple xt (circle). A Gaussian kernel is centered onxt (dashed line)
and used to updatêpt−1(x). The right image shows the current,
updated, mixturêpt(x).

from the previous time-step. The current estimate of the
p(x) is initialized using the distribution from the previous
time-stepp̂t(x) ≈ p̂t−1(x). The bandwidtĥht of the kernel
Kĥt

(x − xt) corresponding to the current observed sample
xt is obtained by approximating the unknown distribution
p(x) ≈ p̂t(x) and applying (6)

ĥt = cscale[2
√

πR(p̂′′t (x))nt]
−1/5, (7)

wherecscale is used to increase the bandwidth a little and
thus avoid undersmoothing. Experimentally, we determined
that the values of the scale parametercscale ∈ [1, 1.5]
in (7) give reasonable results and in all our experiments
cscale = 1.3 is used. The resulting kernelKĥt

(x − xt) is
then combined witĥpt−1(x) into an improved estimate of
the unknown distribution

p̂t(x) = (1− 1

nt
)p̂t−1(x) +

1

nt
Kĥt

(x− xt). (8)

Next, the improved estimatêpt(x) from (8) is plugged back
in the equation (7) to re-approximatêht and then equations
(7) and (8) are iterated until convergence; usually, five itera-
tions suffice. Note that with each observed sample the num-
ber of components in the mixture model increases. There-
fore, in order to maintain low complexity, the model is com-
pressed from time to time into a model with a smaller num-
ber of components. A detailed description of the compres-
sion algorithm will be given in a later section. The proce-
dure for incremental learning of mixture models is outlined
in Algorithm 1.

Algorithm 1 : Incremental density approximation

Input: p̂t−1(x), xt . . . the initial density approximation and
the new sample

Output: p̂t(x) . . . the new approximation of density
1: Initialize the current distribution̂pt(x) ≈ p̂t−1(x).
2: Estimate the bandwidthht of Kĥt

(x− xt) according to
(7) usingp̂t(x).

3: Reestimatêpt(x) according to (8) usingKĥt
(x− xt).

4: Iterate steps 2 and 3 until convergence.
5: If the number of components in̂pt(x) exceeds a thresh-

old Ncomp, compresŝpt(x) using Algorithm3.

2.2 Unlearning in mixture models

To increase the flexibility of incremental learning with mix-
ture models we propose a method forunlearningparts of
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the mixtures. Assume that by observing values of some fea-
turex, we have constructed the followingMref -component
Gaussian mixture model

pref (x) =

Mref∑
i=1

wiKhi
(x− xi). (9)

Now assume that we obtain another pdf, aMneg-
component mixture

pneg(x) =

Mneg∑
j=1

ηjKsj
(x− yj), (10)

which represents anegative exampleto thepref (x). For ex-
ample,pref(x) might model the hue values of a red color
andpneg(x) could be a pdf obtained from the hue values of
a yellow object. The question is how to incorporatepneg(x)
into the referencepref(x). One way to do that is to attenu-
ate regions inpref(x) that correspond to high probabilities
in pneg(x) and leave those regions that correspond to low
probabilities inpneg(x) unchanged. This can be achieved
by constructing anattenuationfunction that maps the fea-
ture valuesx into interval[0, 1] by yielding 0 for the values
of x wherepneg(x) is maximal and 1 for the values where
pneg(x) is zero. Thepneg(x) can thus be incorporated into
pref(x) simply by multiplyingpref(x) with the attenuation
function. We describe this procedure next.

The attenuation function is defined as

fatt(x) = 1− C−1
optpneg(x), (11)

where the normalization constantCopt makes sure that
C−1

optpneg(x) ≤ 1 and thus all values ofx are mapped into
the interval[0, 1]. Note thatCopt corresponds to the max-
imum value inpneg(x) and cannot be trivially calculated,
since the maximum may lay in-between the components of
the mixture. For that reason we use a variable-bandwidth
mean-shift algorithm [2] which we initialize at the centers of
the components ofpneg(x) to detect the modes ofpneg(x).
The modexopt corresponding to the maximum value of
pneg(x) is selected as the maximum of the distribution and
the normalization is given as

Copt = pneg(xopt). (12)

The attenuated pdfpatt(x) is obtained by multiplying the
reference pdf with the attenuation function

patt(x) = C−1
normpref(x)fatt(x)

= C−1
norm[pref(x)− fcom(x)], (13)

where we have definedfcom(x) = C−1
optpref(x)pneg(x)

and Cnorm is a normalization constant such that∫
patt(x)dx = 1. Note that since the product of two

Gaussians is another, scaled, Gaussian [3], we can rewrite
fcom(x) as

fcom(x) =

Mref∑
i=1

Mneg∑
j=1

CoptwiηjKhi
(x− xi)Ksj

(x− µj)

=

Mref∑
i=1

Mneg∑
j=1

zijβijKσij
(x− µij), (14)

where βij = Coptwiηj , σ2
ij = (h−2

i + s−2
j )−1,

µij = σ2
ij(

xi

h2
i

+
yj

s2
j

), zij =
σij√

2πhisj

exp[12 (
µ2

ij

σ2
ij

− x2
i

h2
i

− y2
j

s2
j

)].

From above, we can now derive the normalizationCnorm

for the attenuated pdfpatt(x) (13)

Cnorm = (1−
∑Mref

i=1

∑Mneg

j=1
βijzij)

−1. (15)

The proposed method for unlearning a mixture model is
summarized in Algorithm2.

Algorithm 2 : The algorithm for unlearning mixtures.

Input: pref (x), pneg(x) . . . the reference mixture and the
negative-example mixture.

Output: patt(x) . . . the unlearned mixture.
1: Detect the locationxopt of the maximum mode in

pref (x) using the variable-bandwidth mean shift [2].
2: Scalepneg(x) with respect to the detected modexopt

(12) and calculate the attenuation functionfatt(x) (11).

3: Multiply fatt(x) with pref (x) and normalize to obtain
the attenuated mixturepatt(x) (13,14,15).

Note that whilepatt(x) is indeed a proper pdf, it is
not a proper mixture, since some of the weights are nega-
tive. Furthermore, by introducing new attenuation functions,
the number of components in (13) increases exponentially,
which in practice makes subsequent calculations inefficient
and slow. For that reason, after attenuation, the resultingdis-
tribution needs to becompressed, i.e., we require an equiv-
alent mixture with a smaller number of components. Fur-
thermore, it is beneficial if the equivalent is a proper mix-
ture with all positive weights. In the following we propose a
methodology for obtaining such equivalents.

2.3 Approximating mixtures with mixtures

Assume we are given a reference mixture

p(x) =

M∑
i=1

wiKhi
(x− xi), (16)

where allwi are not necessarily positive, but they do sum to
one. Our goal is then to approximate the reference (16) with
a N-component mixture with all positive weights

p̂(x|θ) =

N∑
j=1

γjKσj
(x− µj), (17)

whereθ = {γj , µj , σj}j=1:N denotes the parameters of the
mixture, such that some difference criterion betweenp(x)
and p̂(x|θ) is minimized. Since the reference mixture is
known, the difference between the approximate and the ref-
erence mixture can be quantified by the integrated squared
error (ISE)

ISE(θ) =

∫
(p(x)− p̂(x|θ))2dx. (18)

The problem of finding an equivalent top(x) can thus be
posed as seeking an optimalθ̂ while minimizing the ISE:

θ̂ = arg min
θ

[

∫
p̂2(x|θ)dx− 2Ep(x){p̂(x|θ)}],(19)
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whereEp(x){p̂(x|θ)} is the expectation with respect to the
reference distributionp(x) and where we have dropped∫

p2(x)dx from the above equation since it does not de-
pend onθ. Since we can calculate the derivatives of ISE,
δISE(θ)/δθ, analytically, efficient optimization schemes
such as gradient descent or Levenberg-Marquardt can be
used in optimizing (19). However, in practice, whenM
is large andN ≈ M it is likely that some components in
p̂(x|θ) will be redundant, which may result in a slow con-
vergence of optimization. Moreover, in cases whenp̂(x|θ)
is poorly initialized, optimization can get stuck in a local
minimum. Therefore, a question remains how to determine
the appropriate number of components inp̂(x|θ). To address
this issue, we note that component selection can be viewed
as optimizing (19) with respect to the weightsγi of p̂(x|θ)
(17). By driving some weights of (17) to zero we are ef-
fectively removing the corresponding components. A useful
insight into such optimization is provided by the theory of
reduced-set-density estimation [4] and earlier results from
support estimation in support vector machines [10]. In [4],
Girolami and He proposed a reduced-set-density approxi-
mations of kernel density estimates. A central point of their
approach was minimization of ISE-based criterion, which
was in spirit similar to our formulation in (18). In line with
their observations, we now inspect how the two terms of the
right-hand side of (19) affect the optimization of ISE w.r.t.
the weightsγi of p̂(x|θ).

If the first term of the right-hand side of (19) is kept fixed,
minimization is obtained by maximizing the second term
Ep(x){p̂(x|θ)}. By expanding this term we have

Ep(x){p̂(x|θ)} =

N∑
j=1

γj p̃j , (20)

with p̃j =
∫

Kσj
(x− µj)[

M∑
i=1

wiKhi
(x− xi)]dx.

Note that (20) is a convex combination of positive num-
bersp̃i, which are expectations of components inp̂(x|θ) un-
der the referencep(x). In this case, maximization would be
achieved by assigning a weight one to the largest expecta-
tion p̃j and a zero weight to all others. Thus, if the reference
distributionp(x) has a dominant mode, then the component
Kσj

(x − µj) of the approximating distribution̂p(x|θ) that
agrees best with this mode will be assigned a weight one,
while all other weights will be zero. This means that the
term Ep(x){p̂(x|θ)} is sparsity-inducingin that it prefers
those components of the approximating distributionp̂(x|θ)
that correspond to the high-probability regions inp(x).

Now note that minimizing ISE (19) with Ep(x){p̂(x|θ)}
kept fixed equals to minimizing the first term

∫
p̂2(x|θ)dx.

Expanding this yields a weighted sum of expectations of
pairs of components of̂p(x|θ)

∫
p̂2(x|θ)dx =

N∑
i=1

N∑
j=1

γiγjcij , (21)

where we have definedcij =
∫

Kσi
(x− µi)Kσj

(x− µj)dx.
The expectations among non-overlapping components

will yield low values ofcij , while expectations among over-
lapping components will yield high values ofcij . In this

case, ISE would be minimized by assigning large weights to
the components that do not overlap and low weights to those
components that do overlap. Thus we can say that the term
(21) is sparsity-inducingin that it prefers selection of those
components that are far apart.

From the above discussion, we can see that optimiz-
ing ISE (19) betweenp(x) and p̂(x|θ) will yield a subset
of components in̂p(x|θ) by selecting components in high-
probability regions ofp(x) while preferring those configu-
rations where the selected components are far apart.

Using (20,21) we can rewrite minimization of ISE (19)
with respect to the weightsγi into a classical quadratic pro-
gram

arg min
γ
{1
2
γT

Cγ − γT
P} ; γT

1 = 1, γj > 0,∀j, (22)

where1 is a column vector of ones, and where we have de-
fined the vector of weightsγT = [γ1, γ2, . . . , γN ], a sym-
metricN ×N matrixC with elementscij (21) and a vector
of P = [p̃1, p̃2, . . . , p̃N ] with elements̃pj (20).

Note that since all components in the reference and the
approximating distributions (16,17) are Gaussians,C andP

in (22) can be evaluated analytically. There is a number of
optimization techniques available for solving the quadratic
program (22). In our approach we use a variant of a Sequen-
tial Minimization Optimization (SMO) scheme [10], which
was previously used by Girolami and He [4] for optimiza-
tion of a form similar to (22).

2.4 Compression algorithm

Using the results from previous section, we propose an it-
erative compression algorithm, which is similar in spirit
to [7], for finding a reduced equivalent to a reference Gaus-
sian mixture modelp(x). We start from an approximation
p̂(x|θ) which is equal to the reference mixture in cases when
mixturep(x) does not contain any negative weights. When
compressing theunlearnedmixture, we initially increase the
number of the components in the approximation by split-
ting each component with a negative weight into two com-
ponents and then make the weights positive. This in practice
makes the approximation adapt quicker to the reference dis-
tribution in regions where the reference distribution contains
positive as well as negative components. After the approx-
imation has been initialized, the components are gradually
removed fromp̂(x|θ) while minimizing the ISE criterion
(18).

We propose an algorithm for compression which pro-
ceeds in two steps:reduction and organization. At the
reductionstep, a subset of components from̂p(x|θ) is re-
moved using SMO. In the next step, theorganizationstep,
we reduce the error between the reducedp̂(x|θ) and the ref-
erencep(x). This is achieved by optimizing (19) w.r.t. all
parametersθ in p̂(x|θ) using a Levenberg-Marquardt opti-
mization with a constraint that all weights in̂p(x|θ) are pos-
itive. These two steps are iterated until convergence. The
procedure is outlined in Algorithm3.

At each step of the iterative procedure described in Al-
gorithm3, a subset of components from̂p(x|θ) is removed,
thus gradually reducing the complexity ofp̂(x|θ). We can
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Algorithm 3 : Compression algorithm.

1. Initialization: constructp̂(x|θ) from p(x), such that all
components have positive weights (see text).

2. Reduction:

• Inflate p̂(x|θ) by increasing the covariancesσ2
j by

someα > 1, i.e.,σ2
j ← ασ2

j .

• Optimize (22) between the inflated̂p(x|θ) and p(x)
w.r.t. γ using a sequential minimal optimization.

• Remove those components from̂p(x|θ) for which
γi = 0; allow at most five optimization steps.

3. Organization: Optimize ISE between̂p(x|θ) andp(x) us-
ing a Levenberg-Marquardt optimization w.r.t.θ.

4. If no components were removed during the reduction
procedure, then optimizeθ using a Levenberg-Marquardt
optimization until convergence and terminate the algo-
rithm, otherwise go back to step (2).

influence the number of the removed components at each
step by introducing theinflation parameterα, which in-
creases the variances of components before thereduction
step (see Algorithm3). For a largeα many components
of p̂(x|θ) will overlap significantly and thus many compo-
nents will be removed. However, by choosing a very large
α, e.g.α > 5, we also risk that too many components may
be removed and the resulting components will inefficiently
approximatep(x). In our experience, selectingα < 5 re-
sults in a reasonable subset of components removed at each
stage. In all subsequent experiments, we useα = 2. Once
the selection step removes a set of components, the remain-
ing set is optimized in order to minimize the ISE between
p̂(x|θ) and the referencep(x) (organization). Note that we
do not have to optimizêp(x|θ) until convergence in this step.
We only need to reduce the error betweenp̂(x|θ) andp(x)
to the extent that a set of components inp̂(x|θ) will over-
lap after inflation and will be removed in thereductionstep.
Thus in practice we allow at most five Levenberg-Marquardt
iterations at each organization step. Only after no more com-
ponents are removed we let the Levenberg-Marquardt opti-
mization to run until convergence.

3 Experimental Results

Three sets of experiments were conducted to evaluate the
proposed methods for incremental learning of mixture mod-
els. The first two experiments were designed to demonstrate
incremental learning of complex mixtures and to demon-
strate how unlearning can be used for more versatile learn-
ing. The third experiment shows the results of the applica-
tion of the proposed algorithms for learning of basic visual
properties.

3.1 Incremental learning of complex distributions

The aim of the first experiment was to demonstrate the incre-
mental bandwidth selection method proposed in Section2.

We generated 1000 samples from a 1D mixture of two Gaus-
sians and a uniform distribution (Figure2a). These samples
were then used one at a time to incrementally build the ap-
proximation to the original distribution using Algorithm1;
the mixture compression was executed whenever the num-
ber of components in the mixture exceededNcomp = 20
components. At each time-step two other KDE approxima-
tions were also built for reference: an optimal and a subopti-
mal. These werebatch approximations, and were thus built
by processingall samples observed up to the given time-
step simultaneously. The optimal bandwidth was estimated
using the solve-the-equation plug-in method [6], which is
currently theoretically and empirically one of the most suc-
cessful bandwidth selection methods. For the suboptimal
bandwidth selection we have chosen Silverman’s rule-of-
thumb ([15], page 60), which was also used to initialize our
algorithm from the first two samples.

The results are shown in Figure2. The final KDEs, af-
ter observing all 1000 samples, estimated by the proposed
incrementalmethod and the two referencebatchmethods,
are shown in Figure2(a). It is clear that Silverman pro-
duced an oversmoothed approximation to the ground-truth
distribution. The incrementally constructed KDE and the
batch-estimated KDE using the solve-the-equation plug-in
both visually agree well with the ground-truth. This can
be further quantitatively verified from Figure2(b) where we
show how the integrated squared error (ISE) between the
three approximations and the ground-truth was changing as
new samples were observed. While initially errors are high
for all three approximations they decrease as new samples
arrive. As expected, the error of the KDE calculated using
Silverman’s rule remains high even after all 1000 samples
have been observed. On the other hand, the error decreases
faster for the KDE constructed by the proposed method and
comes close to the error of the optimally selected bandwidth
with increasing numbers of samples. Note that the optimal
bandwidth was calculated usingall samples observed up to
a given step. On the other hand, the proposed incremen-
tal method produced similar bandwidths using only a low-
dimensionalrepresentationof the observed samples (Fig-
ure2c).

3.2 Unlearning: A toy example

To demonstrate how the unlearning from Algorithm2 can
be used in interactive learning, we consider a toy-example
of training a system to learn the concept of ared color. As-
sume that we present the system with an object to which we
refer as ared fork (Figure 3a). The system tries to learn
the concept of thered colorby sampling hue values of pix-
els corresponding to the fork (green dots in Figure3a) and
constructs a mixture modelpred(x) from the sampled values
(Figure3b). Note that two modes arise inpred(x); one for
the hue values of the red handle and one for the hue values
of the yellow head. The modelpred(x) can now be used to
calculate a belief of whether the color of a given pixel is red
or not. The beliefs of all pixels in the fork image (Figure3a)
are shown in (Figure3h). Note that high beliefs are assigned
to the color of the handle and even higher to the color of the
head. Thus the system wrongly believes that the red as well
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Figure 2: Illustration of the incremental mixture models: (a) final estimated distributions, (b) ISE with respect to the source distribution, (c)
estimated bandwidth.
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Figure 3: The mixture modelpred(x) of hue values sampled from an image of fork (a) is shown in (b). The mixturepyell(x) corresponding
to the hue values of a yellow ball (c) is shown in (d). The attenuation functionfatt(x) created frompyell(x) (d) is shown in (e), the unlearned
distribution of (b) is shown in (f) and the final modelp̂red(x) after compression is shown in (g). The belief images corresponding to the
mixture models (b) and (g) are shown in (h) and (i), respectively. Whitecolors correspond to high beliefs, while dark colors correspond to
low beliefs. In mixture models (b,d,f,g), the separate components aredrawn in thin lines, while the resulting pdfs are shown in thick lines.

as yellow hues make up the concept of thered color. To rec-
tify this we show to the system a yellow ball (Figure3c) and
say that its color isyellowandNOT red. As before, hue val-
ues are sampled from the ball and a mixture modelpyell(x)
is constructed (Figure3d). An attenuation functionfatt(x)
(Figure3e) is calculated frompyell(x) and used to unlearn
the corresponding parts ofpred(x); the resulting mixture is
shown in (Figure3f). After compression, we obtain the cor-
rected model of thered color conceptp̂red(x) (Figure3g).
Note that the mode corresponding to the yellow color has
been attenuated, which is also verified in the belief image
(Figure3i) where we have used̂pred(x) to calculate the be-
liefs of hue values in (Figure3a). The belief image shows
that now only the colors of pixels on the fork’s handle are
believed to correspond to the concept of thered color.

3.3 Interactive learning of basic visual concepts

To further demonstrate the strength of the proposed algo-
rithms for incremental learning, unlearning and compres-
sion, we have embedded them into a system for continuous
learning of basic visual concepts, which we have developed
in our previous work [12].

The goal was to learn associations between six object
properties (four colors and two shapes) and six low-level
visual features (median hue value, eccentricity of the seg-
mented region, etc.). As a testbed we have used a set of
125 everyday objects (for examples, see Figure4a). A tutor
presented one object at a time to the system and provided

its description, i.e., the concept labels. The system created
associations between features and concepts such that, for ex-
ample, the colors were associated with the hue feature, etc.
The associated visual features were modelled by Gaussian
mixture models using the algorithms proposed in this paper.
Therefore, the concept of the green color, for instance, was
modelled with a mixture model over the hue values of the
observed green objects.

Figures4(d-f) depict the evolution of the individual mod-
els over time. At the beginning (Figure4d), the models
were very simple and rather weak, since they were obtained
considering only a few training examples. However, by ob-
serving new training samples, they improved and were able
to adapt to the variability of the individual visual concepts.
Figure4(f) shows the models after all 120 training samples
have been observed.

After each training sample was observed and added to
the models, the updated models were evaluated by trying to
recognize the colors and shapes of the objects in 300 test
images (which have not been observed during the training).
Figure4(b) shows the evolution of the overall accuracy of
the recognition of concepts. It is evident that the overall
accuracy increases by adding new samples. The growth of
the accuracy is very rapid at the beginning when new mod-
els of newly introduced concepts are being added, but still
grows even after all models are formed due to refinement of
the corresponding representations. Note that after observing
120 samples, the accuracy of recognition using the models
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Figure 4: Learning of basic object properties. Seven everyday objects from thedatabase are shown in (a). Results of incremental learning are
shown in (b) and (c). Image (b) shows the evolution of accuracy through time for incremental learning on correct data (solid line), on partially
incorrect data (dashed line), and after unlearning (dotted line). For better visualization, we also show magnified graphs of the evolution of
accuracy in (b) from 20 to 120 added samples. Image (c) shows the evolution of the average number of components through time. The KDE
models representing six basic object properties (‘compact’, ‘green’, ‘elongated’, ‘blue’, ‘yellow’, ‘red’) are shown in (d), (e) and (f) afer
adding 15, 85, 120 training samples, respectively. Image (g) shows these models after compression. The final models learned with incorrect
labels are shown in (h) and (i) shows these models after unlearning.
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in Figure4(f) was98.6% (Figure4b, solid line).
Figure4(c) shows the average number of Gaussian com-

ponents averaged over all mixture models. Observe that af-
ter a while this number does not grow any more, thus the
model size remains limited. The models do not improve by
increasing their complexity, but rather due to refinement of
the underlying representations. The low complexity of the
models was maintained by the proposed compression algo-
rithm, which compressed each mixture model in which the
number of components exceeds 15. For an example of com-
pression compare the sixth column of Figs.4(e) and (f). To
further demonstrate the compression, all final mixture mod-
els from Figure4(f) were compressed. Resulting models
are shown in Figure4(g) and resemble the original ones at
a very high degree of accuracy. Note that the accuracy of
recognition before and after compression did not change and
remained at a98.6% level.

To demonstrate the unlearning algorithm, we have re-
peated the learning experiment, but this time we labelled
incorrectly every 20-th training sample in the second half
of the incremental learning process. As a result, the mixture
models were corrupted and now accounted also for the in-
correct feature values. The resulting models after observing
120 training samples are shown in Figure4(h); the accuracy
of recognition using these models was92.3% (Figure 4b,
dashed line). The unlearning algorithm was then applied
to these models by unlearning the incorrectly presented im-
ages and concepts. Figure4(i) depicts theunlearnedmod-
els. Note that the information that was incorrectly added
into the models was successfully removed and the models
obtained were very similar to those obtained in an error-free
learning process. The accuracy of recognition using the un-
learned models increased from92.3% back to98.6% (Fig-
ure4(b), dotted line).

4 Conclusion

A new approach to incremental estimation of Gaussian mix-
ture models was proposed, which can be applied to problems
of online learning. Our contributions are threefold. The first
contribution is a new approach to incremental Gaussian mix-
ture models which allows online estimation of the probabil-
ity density function from the observed samples. This ap-
proach was derived by incrementalizing a batch kernel den-
sity estimation. The second contribution is a method for un-
learning parts of the learned mixture model, which allows
for a more versatile learning. This is achieved by deriving
an attenuation function which in effect attenuates parts of
the mixture model. The third contribution is a method for
maintaining a low complexity of the learned mixture mod-
els, which is based on iterative removal of mixture compo-
nents and minimization of theL2 distance between the ap-
proximation and the original mixture.

The strength of the proposed methods was demonstrated
with an example of online estimation of a complex distribu-
tion, an example of unlearning, and with an interactive learn-
ing of basic visual concepts. The presented approach deals
with one-dimensional distributions and the results are very
promising. In our future work we will extend this approach

and apply it to multi-dimensional online learning problems.
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